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MINIMAL ISOPARAMETRIC SUBMANIFOLDS OF S7 AND
OCTONIONIC EIGENMAPS
FIDELIS BITTENCOURT, DANIEL BUSTOS R., EDSON S. FIGUEIREDO,
PEDRO FUSIEGER, AND JAIME B. RIPOLL
Abstract. We use the octonionic multiplication · of S7 to associate, to each unit normal
section η of a submanifold M of S7, an octonionic Gauss map γη : M → S
6, γη(x) =
x−1 · η(x), x ∈ M, where S6 is the unit sphere of T1S
7, 1 is the neutral element of · in
S
7. Denoting by N (M) the vector bundle of normal sections of M we set, for η ∈ N (M),
Sη(X) = − (∇Xη)
⊤ , X ∈ TM. The Hilbert-Schmidt inner product 〈Sη, Sν〉 on the vector
bundle
S(M) =
{
Sη | η ∈ N (M)
}
is the trace of the bilinear form
(X,Y ) ∈ TM × TM 7→ 〈Sη(X), Sν(Y )〉 ∈ R.
Defining the bundle map B : N (M)→ S(M) by B(η) = Sη, we prove that ifM is a minimal
submanifold of S7 and η ∈ N (M) is unitary and parallel on the normal connection, then
γη is harmonic if and only if η is an eigenvector of
B∗B : N (M)→ N (M),
that is, there is λ ∈ C∞ (M) such that B∗B (η) = λη, where B∗ is the adjoint of B. If
M is an isoparametric compact minimal submanifold of codimension k of S7 then B∗B
has constant non negative eigenvalues 0 ≤ σ1 ≤ · · · ≤ σk and the associated eigen-
vectors η1, · · · , ηk form an orthonormal basis of N (M), parallel on the normal con-
nection, such that each γηj is an eigenmap of M with eigenvalue 7 − k+ σj, that is,
∆γηj = −
(
7 − k + σj
)
γηj . Moreover, σj = ‖Sηj ‖
2, 1 ≤ j ≤ k. It follows that each
function
〈
γnj , e
〉
is an eigenfunction for the Laplacian of M with eigenvalue 7 − k + σj ,
1 ≤ j ≤ k, for any given e ∈ T1S
7. Considering Sm as a totally geodesic submanifold of
S
7, 3 ≤ m ≤ 7, if Mm−1 is a minimal hypersurface of Sm and η is an unit normal vector
field to M in Sm then γη is a harmonic map. If M is a compact, minimal submanifold of
S
7 and η an unit normal eigenvector of B∗B then the Gauss image γη(M) is not contained
in an open hemisphere of S6.
1. Introduction
There is a vast literature extending and studying, under several point of views,
the Gauss map of surfaces of the Euclidean space to submanifolds of arbitrary
dimension and codimension and to more general ambient spaces. This study com-
prises notably minimal and parallel mean curvature vector submanifolds (some well
known and representative references, which are a fraction of what have already been
done are: [3], [4], [7], [8], [9], [10]).
In [2] the authors use the octonionic product · of S7 to define a Gauss map
γη :M → S6 ⊂ T1S7of an orientable hypersurface M of S7 by
(1) γη(x) = x
−1 · η(x), x ∈M,
where η is an unit normal vector field of M, 1 is the neutral element of ·, S6 is the
unit sphere of T1S
7. They prove that M has constant mean curvature if and only if
γη is harmonic and use this characterization of a CMC hypersurface of S
7 to describe
the geometry and topology of M under conditions on the Gauss image γη (M) . We
use here the octonionic structure of S7 to study the Gauss map determined by
1
2unit normal sections of minimal submanifolds of arbitrary codimension of S7. Our
main application consist in presenting explicit eigenmaps of minimal isoparametric
submanifolds of S7. To state our main results we have to introduce some notations
and definitions.
Let M be a submanifold of S7. We denote by N (M) the vector bundle over M
of the normal sections of the normal bundle{
(x, η) ∈ TS7 | η ∈ (TxM)⊥
}
of M. Given η ∈ N (M) we set Sη(X) = − (∇Xη)⊤ , where ∇ is the Riemannian
connection on S7, X a tangent vector field to M and ⊤ the orthogonal projection
on TM. We denote by S (M) the vector bundle over M of non normalized second
fundamental forms of M, namely:
S (M) = {Sη | η ∈ N (M)} .
The Hilbert-Schmidt inner product 〈Sη, Sν〉 on S (M) is defined as the trace of the
bilinear form
(X,Y ) ∈ TM × TM 7→ 〈Sη(X), Sν(Y )〉 ∈ R.
Define a bundle map B : N (M) → S (M) by B (η) = Sη and by B∗ : S (M) →
N (M) the adjoint of B.
We may see that a smooth map γ :M → S6 ⊂ R7 is harmonic, that is, a critical
point of the functional
g 7→
∫
M
‖Dg‖2 ,
g :M → S6 smooth with compact support, if and only if
(2) ∆γ = λγ
for some function λ on M , where
∆γ =
7∑
i=1
(∆M 〈γ, ei〉) ei,
∆M is the usual Laplacian onM and {ei} any fixed orthonormal basis of R7. Using
the octonionic structure of S7 to define γη :M → S6 by (1) we prove:
Theorem 1.1. Let M be a minimal submanifold of codimension 1 ≤ k ≤ 6 of S7
and let η ∈ N (M) be an unit normal section, parallel on the normal connection
of M, that is, (∇Xη)⊥ = 0 for all X ∈ TM. Then the following alternatives are
equivalent:
(i) γη :M → S6 ⊂ T1S7 satisfies
∆γη = −
(
7− k + ‖Sη‖2
)
γη.
(ii) η is an eigenvector of B∗B with eigenvalue ‖Sη‖2 .
(iii) γη : M → S6 is harmonic.
A straightforward consequence of the Theorem 1.1 is:
Corollary 1.2. Consider Sm as a totally geodesic submanifold of S7, 3 ≤ m ≤ 7.
Let Mm−1 be an oriented minimal hypersurface of Sm, and let η be an unit normal
vector field to M in Sm. Then, γη is a harmonic map.
3Recall that a submanifold M of Sn is called isoparametric if it has flat normal
bundle (zero normal curvature) and the principal curvatures along any parallel
normal field are constant. It is known that any isoparametric submanifold of Sn
is a leaf of a foliation (singular) of Sn by isoparametric submanifolds and that this
foliations contains a leaf which is regular and minimal (see [14] and [11], Section 6).
We also recall that γ : M → S6 is an eigenmap if it is harmonic and the function λ
in (2) is constant (see also [12], [6]). We prove
Theorem 1.3. If M is an isoparametric compact minimal submanifold of codi-
mension 1 ≤ k ≤ 6 of S7 then B∗B has constant non negative eigenvalues 0 ≤
σ1 ≤ · · · ≤ σk and the associated eigenvectors η1, · · · , ηk form an orthonormal basis
of N (M), parallel on the normal connection, such that each γηj is an eigenmap
of M with eigenvalue 7 − k+ σj , that is, ∆γηj = − (7− k + σj) γηj . Moreover,
σj = ‖Sηj‖2, 1 ≤ j ≤ k. It follows that each function
〈
γnj , e
〉
is an eigenfunction
for the Laplacian of M with eigenvalue 7−k+σj , 1 ≤ j ≤ k, for any given e ∈ T1S7.
The image of the Gauss map of a minimal surface in the Euclidean space is a
classical topic of study in Differential Geometry and there is a vast literature on
this subject. It is well known that if the image of the Gauss map of a complete
minimal surface of R3 is contained in a hemisphere of S2 then the surface is a
plane. By defining a Gauss map of an orientable minimal hypersurface Mn of the
sphere Sn+1 with an unit normal vector field η as the usual Euclidean Gauss map
γ :M → Sn+1, γ(x) = η(x), x ∈M, E. De Giorgi [5] and, independently J. Simons
[13] proved that if M is compact and γ(M) lies in an open hemisphere of Sn+1 then
M must be a great hypersphere in Sn+1. As a consequence of Theorems 1.1 and 1.2,
we obtain here a similar result for minimal submanifolds of arbitrary codimension
of S7:
Theorem 1.4. Let M be a compact and minimal submanifold of codimension 1 ≤
k ≤ 5 of the sphere S7. Let η be an unit normal vector parallel in the normal bundle
of M that is an eigenvector of B∗B. Then the image of the octonionic Gauss map
γη is not contained in an open hemisphere of S
6.
2. The octonionic structure of S7 and the octonionic Gauss map.
The octonions is a 8−dimensional Cayley-Dickson algebra C8. Given a number
n ∈ {0, 1, 2, . . .}, the Cayley-Dickson algebra Cn is a division algebra structure on
R2
n
defined inductively by C0 = R and by the following formulae: If x = (x1, x2),
y = (y1, y2) are in R
2n = R2
n−1 × R2n−1 , n ≥ 1, then
(3) x · y = (x1y1 − y2x2, y2x1 + x2y1) ,
where
x = (x1,−x2) ,
with x = x if x ∈ R (see [1]).
We use the notationO = C8 for the octonions and denote by 1 the neutral element
of O. We mention below some well known facts about the octonions which proofs
can be found in [1]. Besides being a division algebra, O is normed: ‖x·y‖ = ‖x‖‖y‖,
for any x, y ∈ O, where ‖ ‖ is the usual norm of R8, and ‖x‖ = √x · x. Setting
Re(x) = (x+ x) /2 we have
T1S
7 = {x ∈ R8 | Re(x) = 0}.
4The right and left translations Rx, Lx : O → O, Rx(v) = v · x, Lx(v) = x · v,
v ∈ O, are orthogonal maps if ‖x‖ = 1 and are skew-symmetric if Re(x) = 0.
In particular, the unit sphere S7 is preserved by left and right translation of unit
vectors and, moreover, any v ∈ T1S7 determines a Killing vector field V of S7 given
by the left translation, V (x) = x · v, x ∈ S7.
Define
Γ : TS7 → T1S7
(x, v) 7→ Lx−1(v).
We shall also use the notation Γx(v) = Γ(x, v). IfM is a submanifold of S
7, a global
unit normal section η of M determines a octonionic Gauss map
γη :M → S6 ⊂ T1S7
by setting
γη(x) = Γx(η(x)) = x
−1 · η(x), x ∈ S7,
where S6 is the unit sphere of T1S
7.
3. Proof of the results
The following lemma is a basic but fundamental result of the paper:
Lemma 3.1. Let M be a n-dimensional minimal submanifold of S7 and let η be
an unit normal vector field and parallel in the normal connection of M. Then, for
v ∈ S6 ⊂ T1S7, setting
f(x) = 〈γη(x), v〉, x ∈M,
we have
∆f(x) = −
7−n∑
k=1
(〈Sη, Sηk〉x + nδ1k) 〈Γx(ηk), v〉,(4)
where {η1 = η, · · · , η7−n} is any orthonormal frame in a neighborhood of x in the
normal bundle of M.
Proof. Let x ∈M be given. Let {E1, · · · , En} be an orthonormal frame in a neigh-
bourhood of x, geodesic at x ∈ M and that diagonalizes the second fundamental
form Sη at x ∈M. Then,
∆〈Γ(η), v〉 =
n∑
i=1
EiEi〈Γ(η), v〉 =
n∑
i=1
EiEi〈η, V 〉,(5)
where V (x) = x · v. Since V is a Killing vector field of S7 it follows that, at x,
∆f =
n∑
i=1
(〈∇Ei∇Eiη, V 〉+ 2〈∇Eiη,∇EiV 〉+ 〈η,∇Ei∇EiV 〉)
=
n∑
i=1
(〈∇Ei∇Eiη, V 〉+ 〈η,∇Ei∇EiV 〉) .
We claim that
n∑
i=1
〈η,∇Ei∇EiV 〉 = −nf.
5Indeed,
n∑
i=1
〈η,∇Ei∇EiV 〉 =
n∑
i=1
(Ei〈η,∇EiV 〉 − 〈∇Eiη,∇EiV 〉)
= −
n∑
i=1
Ei〈Ei,∇ηV 〉
= −
n∑
i=1
〈∇EiEi,∇ηV 〉 −
n∑
i=1
〈Ei,∇Ei∇ηV 〉
= −
n∑
i=1
〈Ei,∇Ei∇ηV 〉.
That is,
n∑
i=1
〈η,∇Ei∇EiV 〉 = −
n∑
i=1
〈Ei,∇Ei∇ηV 〉.(6)
Extending each Ei to a neighborhood of x in S
7 such that the extension is parallel
along the geodesic given by η we obtain
0 = η〈∇EiV,Ei〉 = 〈∇η∇EiV,Ei〉.(7)
By (6) and (7), and using the curvature tensor of S7,
nf =
n∑
i=1
(〈∇Ei∇ηV,Ei〉 − 〈∇η∇EiV,Ei〉+ 〈∇[η,Ei]V,Ei〉)
= −
n∑
i=1
(〈∇Ei∇EiV, η〉+ 〈∇EiV, [η,Ei]〉)
= −
n∑
i=1
〈∇Ei∇EiV, η〉.
Therefore, substituting in (5) we have, at x,
∆f = −nf +
n∑
i=1
〈∇Ei∇Eiη, V 〉.
Let {η1 = η, · · · , η7−n} be an orthonormal frame in a neighborhood of x in the
normal bundle of M. Writing V in terms of the tangent and normal frames,
V =
n∑
i=1
viEi +
7−n∑
k=1
fkηk,
we have
n∑
i=1
〈∇Ei∇Eiη, V 〉 =
n∑
i,j=1
vj〈∇Ei∇Eiη,Ej〉+
7−n∑
k=1
n∑
i=1
〈∇Ei∇Eiη, ηk〉fk
=
n∑
i,j=1
vj〈∇Ei∇Eiη,Ej〉 −
7−n∑
k=1
〈Sη, Sηk〉fk.
6We now show that
n∑
i=1
〈∇Ei∇Eiη,Ej〉 = 0,
which proves the lemma. First, we note that, at x,
[Ei, Ej ] = [Ei, Ej ]
⊤ = (∇EiEj −∇EjEi)⊤ = 0,
where ⊤ denotes the orthogonal projection on TM . Then, using the curvature
tensor of S7 and the equality 〈[Ej , Ei], η〉 = 0 along M,
〈∇Ej∇EiEi, η〉 = 〈∇Ei∇EjEi, η〉
= 〈∇Ei [Ej , Ei], η〉 − 〈∇Ei∇EiEj , η〉
= −〈∇Ei∇EiEj , η〉.
Therefore,
n∑
i=1
〈∇Ei∇Eiη,Ej〉 = −
n∑
i=1
〈∇Ei∇EiEj , η〉
=
n∑
i=1
〈∇Ej∇EiEi, η〉
=
n∑
i=1
(
Ej〈∇EiEi, η〉 − 〈∇EiEi,∇Ejη〉
)
= 0
concluding with the proof of the lemma. 
Proof of the Theorem 1.1. We prove simultaneously the equivalences among (i), (ii)
and (iii). Let {v1, ..., v7} be an orthonormal basis of the tangent space T1S7. Fix
x ∈ M and let η be a unit normal section parallel in the normal connection of M.
Consider an orthonormal frame {η1 = η, η2, · · · , ηk} on a neighborhood of the
normal bundle of M at x. Setting
γηj (x) := Γx(ηj(x)) = x
−1 · ηj(x),
j = 1, · · · , k, we have from the Lemma 3.1
∆γη(x) =
7∑
i=1
(∆〈γη, vi〉)vi
= −
7∑
i=1

 k∑
j=1
(〈Sη, Sηj 〉+ (7− k)δ1j) 〈γηj , vi〉

 vi
= −
k∑
j=1
(〈Sη, Sηj 〉x + (7 − k)δ1j) γηj (x).
Since γη is harmonic if and only if ∆γη is a multiple of γη and since γη1 . . . γηk are
linearly independent, we obtain that γη is a harmonic map if and only if
∆γη(x) = −
(‖Sη‖2 + (7− k)) γη(x),
7and the last equality holds if and only if 〈Sη, Sηj 〉 = 0 for j 6= 1, that is, 〈B∗B(η), ηj〉 =
0. The last equality is equivalent to η be an eigenvalue of B∗B with eigenvalue
〈B∗B(η), η〉 = 〈B(η),B(η)〉 = ‖Sη‖2.

Proof of the Theorem 1.3. Consider x ∈M and the linear operator B∗B at x. That
is, B∗B(x) : T⊥x M → T⊥x M, where B(x)(η) = Sη(x). Since B∗B(x) is non-negative
and self-adjoint there is an orthonormal basis {ν1, · · · , νk} ∈ TxM⊥ of eigenvectors
of B∗B(x) with eigenvalues 0 ≤ σ1 ≤ · · · ≤ σk.
On the other hand, it is well known that submanifold of the sphere Sn is isopara-
metric in Sn if and only it is isoparametric in Rn+1. From [14] there are parallel or-
thonomal unit normal sections {τ1, · · · , τk+1} ofM in Rn+1. Define, for 1 ≤ j ≤ k,
ηj(y) =
k+1∑
i=1
ajiτi(y), y ∈M,
if
νj =
k+1∑
i=1
ajiτi(x).
The vector fiels ηj are orthogonal toM in S
n since the vector field V (y) = y, y ∈M,
is parallel in the normal connection of M in Rn+1 and
〈ηj(x), V (x)〉 = 〈νj , V (x)〉 = 0.
Moreover, ηj is parallel since it is a linear combination, with constant coefficients,
of parallel vector fields, 1 ≤ j ≤ k. By the definition of isoparametric submanifolds
it follows that the eigenvalues of each Sηj are constant so that ηj is an eigenvector
of B∗B with the constant eigenvalue σj = ‖Sηj‖2, 1 ≤ j ≤ k. 
Proof of the Theorem 1.4. Let η be an unit normal section parallel in the normal
connection of M . Assume that the image of γη is contained in an open hemisphere
of S6 centered at a vector v. Then 〈γη(x), v〉 > 0 for all x ∈ M. Since M is
compact there is a neighbourhood U of v in S6 such that 〈γη(x), w〉 > 0 for all
x ∈ M and for all w ∈ U. Clearly, in U we may choose 7 linearly independent
vectorsw1, . . . , w7. From the equality (i) of Theorem 1.1 it follows that each function
fi = 〈γη, wi〉 is superharmonic, 1 ≤ i ≤ 7. Since M is compact fi is constant and
then, ∆fi = 0. Since the coefficient of γη in (i) is nonzero we obtain also from (i)
that fi is identically zero. We then conclude that at each point x ∈M the nonzero
vector γη(x) is orthogonal to 7 linearly independent vectors in a 7−dimensional
vector space, contradiction! This proves the theorem. 
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